Abstract. In 1984 J. Clunie and T. Sheil-Small initiated studies of complex functions harmonic in the unit disc. In 1987 W. Hergartner and G. Schober considered mappings of this type, defined in the domain U = {z e C : \z\ > 1}. Several mathematicians examine classes of complex harmonic functions with some coefficient conditions, defined in the unit disc (e.g.
Introduction
Let f = u + iv, where u, v are real harmonic functions in the domain U = {z e C : \z\ > 1}. Such functions are called complex mappings harmonic in U ( [3] ). W. Hergartner and G. Schober ( [6] ) showed that every such function /, univalent and sense-preserving, with a pole at the infinity is of the form (1) 
f(z) = h(z)+ g(z) +
Alog\z\,
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On classes with some coefficient condition
For fixed 7 6 (0,1) and p G {0,1} we denote by F(j,p) the class of functions / of the form (1) satisfying the condition Let 7 € (0,1). The obvious inequalities (4) 1 < 7 + (1 -7)n < n < ny + (1 -7)n 2 < n 2 , n G N, are of great weight in proofs of many results in this paper. With respect to the inequalities (4), definition conditions (2) and (1) or (3) for a fixed 7 G (0,1) we have and (6) F(0,1) C %,1) C #(0,0) C F( 7 ,0) C F(1,0).
. It easy to observe that functions of the form (3) (with A = 0), satisfying the coefficient condition (2), omit the value zero. The point w = 0 lies on the boundary f(U) or is an exterior point of f{U).
Indeed, from (3), (2) and (4) we have 00 00
> |q| -\0\ -£(|a n | + |6n|) >0, zeÙ. n= 1 It is known that DEFINITION 1. A univalent function / of the form (3) is called starlike in U with respect to the origin (starlike) if it maps every circle \z\ = r > 1 onto a curve which bounds a starlike domain. Let Tio be the subclass of harmonic sense-preserving univalent mappings / of the form (3), which are starlike in U (see [8] ).
By HS we denote the subclass of harmonic sense-preserving univalent mappings / of the form (3), which are convex in U.
J. M. Jahangiri and H. Silverman showed that F(0,0) C Ho (or equivalently F(l, 1) C H$) and F{0,1) C H8 ( [8] ).
We try to consider, in this respect, the classes F(-y,p), 7 6(0,1), p G {0,1}, defined by (3) and (2) .
The following investigation presents results concerning convexity of functions of the class F(7,1).
REMARK 2.
Let 7 e (0,1). From (3), (2), (6) and [8] we conclude that %l)C«i. It is easy to observe that 1 < < x for every x > 1 and a fixed 7 € (0,1). Therefore the function k is well defined and k(x, 7) > 1. Moreover fc(l,7) = 1 and lim^oo k(x,~f) = 1 for 7 G (0,1). We have the following cases.
Since for each x > 1, k(x, 1) > 1 and x(x + l) 2 > 0, the sign of k'x depends only on the sign of u(x) := x + 1 -xlnx. Of course, u is continous and u(l) = 2, u'(x) = -Inx, x > 1. Hence u is a function decreasing on the interval (1,00). Moreover, u(3) > 0 and «(4) < 0, then u(
, x > 1.
Now we denote g(x,-y) := + ^ffi^s) > x > 1, 7 6 (0,1). We have 5(1,7) = 27 > 0 and limx^,<xg(x, r )) = ln{ 1 -7) < 0, 76 (0,1). Let next g*(7) := 9(4,7) = ¿p^ -In-^, 7 € (0,1). It is easy to observe that g*(7) < 0, 7 G (0,1), because g*(0) = 0, g*(l) < 0, g*'(-y) = (4^3-r) 2 ' Thus g* attains the minimum for 7 = | and g*(7/9) < 0, hence S*(7)<0,7€(0,1).
From the above facts it follows that 2:0(7) G (2,3), 7 G (0,70), £0(7) = 3, 7 = 70 and £0(7) G (3,4), 7 G (70,1).
3.3. Now it is suffices to examine relationships beetwen £(2,7), fc(3,7), fc(4,7) for a fixed 7 G (0,1).
We have Jfc(3,7) > £(2,7), 7 G (0,1). Hence (12) maxk(x,j) = max{A:(2,7), fc(3,7)} = fc(3l7) = tf&j, 7 € (0,7o).
The inequality fc(3,7)>fc(4,7) is equivalent to 3 5 (4-37) 4 -4 4 (3-27) 5 X). Set L{7) := 3 5 (4 -37) 4 -4 4 (3 -27) 5 . We will show that the equation L(7) = 0 has three real solutions 0, 71, 72 and 0 < 70 < 71 < 72-We have L{i) = 81927 s -417577 4 + 793447 3 -665287 2 + 207367 and L(7) < 0 for every 7 < 0 and 1,(0) = 0, lim^oo L(7) = 00. Thus if L has real solutions different from zero, then they are positive. Moreover, ¿'(7) = 4(102407 4 -417577 3 + 595087 2 -332647 + 5184) = 4(P(7)-Q(-y)), where P{7) :=102407 4 + 595087 2 + 5184, Q(7) :=417577 3 + 332647. We see that ¿'(7) > 0 for 7 < 0. Let 7 > 0. Then P'(7) > 0, P"(7) > 0, Q'(7) > 0, Q" (7) > 0, thus P and Q are increasing functions convex in (0,00). Consequently, there exist at most two points 7*, 7**, 0 < 7* < 7**, such that L'{7*) = ¿'(7**) = 0. Since 2/(0,24) > 0, L'(0,25) < 0, L'{ 1) < 0, L'{ 1,1) > 0, we see that 0,24 < 7* < 0,25 and 1 < 7** < 1,1. Moreover, L{ 1) < 0.
On account of the above calculations, it follows that L increases in (0,7*), at the point 7* has the positive maximum and next decreases in (7*,7**). In the interval (7*,1) there exists 71, such that ¿(71) = 0. At the point 7** L has the negative minimum and next increases to infinity, so there exists 72 > 7** > 1, such that L(72) = 0. Since ¿(0,97) > 0, L(0,98) < 0, we have 70 < 0,97 < 71 < 0,98.
Thus we get L(0) = L(71) = L(72) = 0, where 0 < 70 < 71 < 1 < 72- 70,1) .
Finally, from (10), (11), (12) and (13) we obtain n a\ ur \ i fc ( 3 '7), 7 G (0,71), (14) maxfc(x,7) = < , " \k(4,7), 7 G (71,1). According to (9) , the definition of the function k and (14), the proof is complete.
Let U r = {z G C : \z\ > r}, r > 1, U\ = U. Using Proposition and Lemma we shall prove THEOREM 1. Let 7 E (0,1), / 6 F (7, 1) and
let 71 be the least positive solution of the equation (8). (a) 7/7 = 0, then f is convex in U.
(b) Let 7 6 (0,71) and set 7-1(7) = \J31^-Then for every r > 7-1(7) f is convex in U r . The constant r\ (7) is best possible. An extremal function is e-9-fi(z) = z+ zeU.
(c) Let 7 G (71,1) and 7-2(7) = yjjz^-Then for any r> 7-2(7) f is convex in U r . The constant 7-1(7) cannot be improved because of e.g. foiz) =
Proof, (a) For / G F(0,1) the coefficient condition (2) is of the form ^T^Lx n 2 (|an| + |6n|) < |a| -\/3\ and it is a sufficient condition for the function to be convex in U ( [8] , Th. 6).
(b) Let 7 e (0,71) / G F(7,l), r > In view of Proposition the function f r (z) = r _1 /( r2 0 = az + X^Li a n r~n~lz~n + ¡3z + S^Li b n r~n~1z~n, z eU, belongs to the class F (7, 1) .
Using Lemma we obtain 00 00 ^7i 2 (|anr _n_1 | + |6nr _n_1 |) < £ [n7 + (1 -7)n 2 ](Kl + M < \a\-\/3\.
n=l n=l
Hence f r is convex in U ( [8] ). Thus / is convex in U r .
The constant r\(7) cannot be improved, because of e.g. the function f\.
It is easy to see that for a fixed 7 € (0,71), p = 1, f\ satisfies (2) and it is holomorphic in U. To observe convexity /1 in Ur it is sufficient to examine the sign of the expression 1 + Re{ } ( [4] , p.42).
The function w(z) := fiW+f'^) = 3-27* is holomorphic in U and attains the value zero for z^ = ry^yf-i, k = 1,2,3,4. Therefore the constant 11 (7) is best possible for 7 G (0,71), indeed.
(c) Applying the same methods as in the proof of the case (b) and considering the function /2, we obtain the required result. If 7 = 71, then 7*1(7) -r 2(7)> of course.
Remark 5. The case (a) was considered by J. M. Jahangiri and H. Silverman (see [8] , Th. 6).
The next theorem concerns starlikness of functions of the class F(7,0), 7 6 (0,1). Theorem 2. Let 7 6 (0,1), f € F (7, 0) and 71 be the least positive solution of the equation (8), 7*1(7) andr2 (7) 
zGU.
Proof, (a) For / 6 ^(7,0) and 7 = 0 the coefficient condition (2) is of the form n(|an| + |6n|) < |a| -\j3\. In view of Theorem 2 from paper [8] , / is a star like function in U.
(b) Let 7 € (0,7i), / 6 F(7,0), r > nfr) and 00 00
Applying Remark 4 and Lemma we obtain 00 00
thus fr e ng. The constant 7*1(7) is best possible because of e.g. fs. Of course, for a fixed 7 € (0,71) and p = 0 this function satisfies (2) and it is holomor- ]Tn 2 (|a n r-+ l^r""" 1 !) < ^(|a n | + |6 n |) < |a| -\f3\.
n=1 n=1
Therefore f r is convex in U and consequently, / is convex in U r .
The classes of functions with negative coefficients
Let 7 € (0,1). By 7,0), F_(7,1) we denote the subclasses of F(7,0) and F(7,1), respectively, of all functions of the form 00 00
z € U, a > (3 > 0, a n > 0, b n > 0, n = 1,2,....
The classes F_(l, 1)) -F^(0,0)
and F-(0,1) were examined in paper [8] .
Proof. Let 7 € (0,1) and / be of the form (17). We have 00 The main idea of this paper appeared during the seminar conducted by Professor Z. J. Jakubowski.
Some from above results were presented on the conference in Korytnica (Poland) (30.IV-3.V.2004)([11] ).
